This paper studies an optimal portfolio problem for a DC pension plan considering both interest rate risk and longevity risk. In the accumulation phase, plan members pay constant contributions continuously into the pension fund. We assume that the evolution of mortality rate of all the plan members can be described by the same stochastic process and a representative member is chosen to study the problem. At retirement time, the pension fund is used to purchase a lifetime annuity and a minimum guarantee is required by the representative member. To hedge the longevity risk, we introduce a mortality-linked security, i.e. a longevity bond, into the financial market. The pension manager makes investment decisions for the benefit and on behalf of the representative pension member whose objective is to maximize his expected utility of the terminal surplus between the final fund level and the minimum guarantee. To solve the initial constrained non-self-financing optimization problem, we transform it to an unconstrained self-financing problem by replicating the future contributions and the minimum guarantee. By applying dynamic programming method, analytical solutions to the equivalent optimization problem are derived and optimal investment strategies to the original problem are obtained by simple calculations. The numerical applications reveal that the longevity risk has an important impact on the investment strategies and show evidence that mortality-linked securities could provide an efficient way to hedge the longevity risk.
Introduction

Pension schemes and challenges
A pension scheme can be interpreted as an organized mechanism to provide retired people with regular incomes after retirement. According to the contribution and benefit policy, there are basically two main ways to design a pension scheme, the defined benefit schemes (hereafter DB schemes) and the defined contribution schemes (hereafter DC schemes). The main difference between DB and DC plans is how the risks and liabilities are treated. In a DB plan, specified pension benefit to be paid by the sponsor after retirement time is pre-defined. In this case, plan members only need to pay contributions regularly and bear no risk, while the sponsor bears the risk of bad investment performance that may fail to cover its liabilities. In a DC scheme, instead of the benefit payments the amount of contribution payable by plan members is pre-determined. The benefits depend on the size of the accumulated contributions and are uncertain until retirement time. Members have more freedom over how they choose to take the benefits. In general, available options are take the money to purchase a lifetime annuity or choose a flexible income-drawdown option (i.e. to withdraw money periodically with remaining money stay in the pension pot) or take a lump sum. In this circumstance, the employer bears no risk as its only responsibility is to pay the fixed level of contributions. However, employees face the risk of receiving unsatisfactory benefits after retirement. Recently, compared to DB plans, DC plans are more popular among pension sponsors in the global pension market due to the unexpected trends in demographic changes (e.g. the aging society problem) and the development of the financial market.
The large variety of pension fund risks could be classified into two main categories: the financial risks and the demographic risks. Typical financial risks faced by pension schemes include, for example, the interest rate risk, labor income risk, credit risk and inflation risk. One of the main demographic risks suffered by pension plans is the longevity risk, i.e. the risk that the actual life expectancy may be longer than anticipated. In recent years, longevity risk is becoming a global challenge to pension funds. Biffs and Blake [2] showed that estimates of global amount of annuity-and pension-related longevity risk exposure range from $15 to $25 trillion. According to Cocco and Gomes [5] , the average life expectancy of 65-yearold US (UK) males increases 1.2 (1.5) years per decade. And a DB plan for those population would have needed 29% more wealth in 2007 than in 1970. All these risks result in a fall in pension fund systems and risk management becomes more complicated. On the one hand, sophisticated investment managers lack adequate understanding of the demographic risk in terms of actuarial science. While on the other hand, skilled actuaries' comprehension of the financial risks is not enough. Therefore, an integrated understanding of both financial and actuarial risks is urgently needed for pension funds risk management.
Asset allocation is one of the important problems for pension managers to consider. Imagine the situation where a DC plan member would spend the total fund to purchase a lifetime annuity at retirement time. The pension manager would decide the allocation of the fund in the financial market in order to achieve a growth in the wealth and reach the amount needed to buy the annuity. However, the annuity price depends on the uncertain expected remaining lifetime of the pensioner at retirement time. Therefore, the lifetime uncertainty should be taken into account for this asset allocation problem. Many stochastic mortality models have been introduced in the literature to capture the future mortality behaviour. Optimal portfolio allocation problems are popular for pension plans as they provide a modelling framework which allows the mortality rate to change stochastically over time. In this paper, we study an optimal asset allocation problem for DC pension plans in accumulation phase considering the longevity risk. We assume that the evolution of mortality rate of all the plan members can be described by the same stochastic process and a representative member is chosen to study the problem. The fund manager makes investment strategies on behalf and for the benefit of the representative member. The objective of the optimization problem is to maximize the expected utility from the terminal surplus between the fund level and the annuity value.
Literature review
In the literature, the optimization problems for DC plans are normally based on two typical optimization structures. The first one is an expected utility maximization problem where the performance criterions are based on the pension members' preferences (i.e. utilities). Instead of a specific form of utility function, the second type of optimization problem is based on the classical mean-variance criterion. From a methodological point of view, two main approaches are studied in the literature. One approach is the dynamic programming method which leads to a nonlinear partial differential equation (known as the Hamilton-Jacobi-Bellman equation). The other approach is the convex duality martingale method.
Boulier et al. [4] studied the optimal investment problem for DC plans where a downside protection for pension members is considered. The optimal investment strategy which maximizes the expected utility from the surplus between the final fund wealth and the guarantee was obtained by applying dynamic programming method. However, they assumed that the guarantee only depends on the level of the stochastic interest rate in a fixed time period after retirement. The stochastic death time instead of a deterministic one could be considered to extend this work. In Gao [8] , the dynamic of short interest rate was described by an affine process which is a general case of Cox-Ingersoll-Ross model and Vasicek model. The financial market was then assumed to consist of a riskless asset, a zero-coupon bond and a stock of which the price is driven by the interest rate. The optimization problem in this work was to maximize the terminal fund wealth. By using stochastic optimal control method, a complicated nonlinear partial differential equation was derived. To solve this problem, the author applied the Legendre transform and dual theory and obtained an analytical solution under a logarithm utility function. From the perspective of pension sponsor, Deelstra et al. [7] studied the assets and liabilities management (ALM) problem for DC pension plans. The goal was to maximize the expected utility of terminal wealth in the presence of a specific minimum guarantee. The fund was assumed to have a positive initial wealth and the dynamic of contributions were described by a non-negative, progressive measurable and square-integrable process which means that the continuous contributions to be paid are increasing over time. The dynamic programming method was not applicable in this case and the martingale method was used to obtain the explicit solution. However, their closed form solution is possible to take negative values and the reason may be that the constraint on the surplus between the final wealth and minimum guarantee is not sufficient. By including an inflation indexed bond into the pension portfolio, Han and Hung [10] studied the optimal portfolio selection problems for DC pension plans considering the inflation risk and labor income risk with a minimum guarantee. The amount of an inflation indexed annuity at retirement was guaranteed as a downside protection for pension members. Applying the dynamic programming approach, the optimal solution showed that, for a member with higher level risk aversion, the optimal portfolio weight on the inflation index bond is initially low and then increase over time.
Battocchio et al. [1] considered a framework which the pension scheme takes both characteristics from DC and DB plans. They suggested that rather than studying the optimal asset allocation problem pension plans in two separate phases it is better to consider the problem as a whole. The mortality risk was taken into consideration as the death time of the pension member was assumed to be stochastic and follows a Gompertz-Makeham distribution. Using dynamic programming method, a closed form solution for the optimal portfolio strategy was obtained which maximizes the expected utility from the surplus at death time. They showed that the optimal amount invested into the risky assets decreases during the accumulation phase, while it increases in the distribution period. However, the structure of the proposed pension scheme seems impracticable and although the death time is uncertain it is not convincing to work with a deterministic force of mortality model. Liang and Ma [12] studied the optimal ALM problem for a pension fund in the framework of stochastic interest rate and mortality. With mortality risk and salary risk taken into account, the objective was to maximize the expected utility of the surplus between the fund size and its liabilities at retirement time by controlling the asset allocation. A stochastic force of mortality which is modeled by an Ornstein-Uhlenbeck process was introduced to calculate the pension fund's total liabilities. In an incomplete market setting, where the exact optimal solution is not available, they applied an efficient approximation technique and obtained approximate solutions through both martingale method and dynamic programming method. A comparison between stochastic and non-stochastic mortality cases was carried out and the result showed that the investment strategy is negatively correlated to salary risk while the mortality risk increases the liability and leads to a prudent investment strategy.
Under an incomplete market setting, the optimal portfolio problems are difficult to solve using standard dynamic programming method and martingale method. The introduction of mortality-linked securities into the investment portfolio offers a possible way for the mortality risk management. Proposed by Blake and Burrows [3] , a longevity bond, as a derivative of longevity risk, is a bond of which the coupon payment is based on the number of survivors in a chosen reference population. Investment in mortality-linked securities not only provides an efficient way to hedge the longevity risk but also allows diversification of investors' portfolios. Menoncin [14] firstly studied the optimal consumption and investment strategy for an investor with a stochastic death time (i.e. an uncertain investment time horizon). The objective was to maximize the investor's intertemporal consumption until the death time and a rolling longevity bond was introduced into the investment portfolio to hedge against the investor's longevity risk. The problem was solved by applying dynamic programming method and the result showed that the optimal amount to be invested in the longevity bond decreases over time since the need for hedging longevity risk decreases as approaching death while the optimal consumption increases over time. The author also argued that, under a log utility, the welfare of the investor is higher with a longevity bond in the portfolio. However, the Ornstein-Uhlenbeck process applied to model the force of mortality may lead to negative mortality rates. Kort and Vellekoop [6] modeled the force of mortality using a Cox-Ingersoll-Ross model which guarantees the morality rates to be non-negative. They argued that although there is no liquid market for such longevity bonds, it is not practicable to put the market price of longevity risk at zero. Instead, they assumed a time-varying market price of risk which is proportional to the square root of the mortality rate. Cocco and Gomes [5] studied the optimal consumption and investment problem in a lifecycle model. By calibrating to US historical data and current projections, they showed considerable uncertainty with respect to future improvements in mortality rates. They also suggested that longevity linked securities are in great demand for longevity risk management. Menoncin and Regis [16] studied the optimal consumption and investment problem for an individual investor to hedge his longevity risk before retirement. They assumed a fixed retirement time and the final wealth at retirement must be sufficient to purchase a life annuity of which the price depends on investor's expected future survival rate at the time of retirement. The authors showed that the optimal proportion that should be invested into longevity bond is higher than other assets. They concluded that the longevity bond is in high demand and there is potential room for individual investors to participant in the longevity market.
Contributions
Most articles studied the optimal portfolio strategy for DC plans focused on the financial risks (e.g. interest rate risk, salary risk and inflation risk) while ignored the mortality/longevity risk. Also, works which took the mortality risk into account mainly focused on the optimization problems for DB pension plans and used time-varying but deterministic force of mortality models to measure the mortality risk. In addition, as the pension funds are managed in pensioners' individual accounts, stochastic optimal control problems can be applied to maximize individual pensioners' utilities. However, only few authors (e.g. Han and Hung [10] , He and Liang [11] ) studied the optimization problems from the perspective of individual pensioners and others were mainly based on the ALM framework. This work studies a utility maximization problem with a minimum guarantee. To sum up, the research on optimal asset allocation problems for DC plans from the perspective of individual pensioners under stochastic force of mortality framework is very limited.
Under a framework of stochastic interest rate and stochastic force of mortality, our study extend the existing works (e.g. Boulier et al. [4] , Gao [8] and Menoncin and Regis [16] ) to investigate the optimal portfolio problems for DC plans to hedge the uncertainty in the future survival probability. We assume that the mortality behaviour of all the members in the plan could be described by a same stochastic process and thus choose a representative member to study the problem. The representative member pays constant contributions continuously to the pension fund before retirement and uses the total fund to buy a lifetime annuity at retirement time. The annuity price depends on the representative member's expected future survival rate and is not known until retirement time and a minimum guarantee is required (i.e. the fund level at retirement must be at least sufficient to buy this annuity). The fund manager makes investment decisions on behalf and for the benefit of plan members, the objective of the manager is thus to maximize the expected utility of the surplus between the terminal fund level and the minimum guarantee at retirement time. A longevity bond introduced in Menoncin [14] is added into our pension portfolio and thus the complete market consists of four assets: a bank account, a stock, a bond and a longevity bond. The price of the bond is driven by the stochastic interest rate. The stochastic interest rate also has an effect on the dynamic of stock price. The coupon payments by the longevity bond depend on the survival rate of the reference population. Our results show that longevity risk plays an important role in pension fund's risk management and mortality-linked securities could not only offer an efficient way to hedge the future longevity risk but also provide attractive risk premiums.
The rest of this paper is organized as follows. Section 2 presents the structure of the financial markets. In Section 3, we introduce the optimization problem and derive the analytical solutions to the optimal investment strategies. Section 4 gives numerical applications and sensitivity analyses. Section 5 concludes the paper.
Main results
The financial market
We consider a complete, frictionless, no arbitrage and continuously open financial market which consists of four assets: a bank account, a stock, a bond and a longevity bond. Let (Ω, F, {F(t)} t≥0 , P) be a filtered complete probability space on a infinite time horizon T = [0, ∞). F(t) is the information available to the investor from time 0 to t. P is the physical probability measure and we denote by E[·] the expectation under P. Let {W (t) | t ∈ T } = {(W r (t), W λ (t), W S (t)) | t ∈ T } denote a three-dimensional standard Brownian motion under P and W r (t), W λ (t) and W S (t) are independent. Let Q be an equivalent martingale measure which is defined as follows
where {θ(t) | t ∈ T } = {(θ r r(t), θ λ λ(t), θ S ) | t ∈ T } is an R 3 −valued, F−adapted process such that Z(t) is a martingale. θ r r(t), θ λ λ(t) and θ S , respectively, denote the market prices of interest rate, longevity rate and stock price risks. By Girsanov's theorem, we denote by
The first asset in the market is a money market account S 0 (t) which satisfies the following equation:
where S 0 (0) = 1 and the instantaneous risk-free interest rate {r(t) | t ∈ T } is assumed to follow the square-root Cox-Ingersoll-Ross process. Under Q, the dynamic of r(t) is described by the following SDE
where r(0) = r 0 , a r , b r and σ r are positive constants. Suppose the Feller condition 2a r > σ 2 r is satisfied so that, under Q, we have r(t) > 0 for all t ∈ T . For any t ∈ T , the market price of interest rate risk is assumed to be θ r r(t). Thus, the interest rate process under P follows dr(t) = (a r − (b r − θ r σ r )r(t))dt + σ r r(t)dW r (t).
By the equivalence between measure P and Q, we have r(t) > 0 for all t ∈ T under P.
The second asset in the market is a stock and the price process {S(t) | t ∈ T } under Q is given by
where S(0) = S 0 . Here, σ r S r(t) measures the instantaneous covariance between the stock price and riskfree interest rate and introduces a stochastic volatility into the model. The market price of stock risk and volatilities may be stochastic and can take many forms. However, we mainly focus on the longevity risk instead of investment risk. Thus, it is reasonable to suppose θ S , σ r S and σ S to be positive constants. Under measure P, the stock price process is described by the following SDE
The third asset is a zero-coupon bond {B(t, T B ) | t ∈ T } paying one dollar at the maturity time T B . The risk-neutral pricing formula of the bond is given as
As the interest rate r(t) follows an affine yield model, the bond price could be expressed in the following form
Given the terminal conditions f 0 (T B , T B ) = 0 and f 1 (T B , T B ) = 0, we apply the Feynman-Kac theorem and have
The bond price process B(t, T B ) under measure Q could be described by
where σ B (t, s) = −f 1 (t, s)σ r r(t). Under P, the dynamic of B(t, T B ) is given by
As argued in Boulier et al. [4] , it is impossible to invest in a zero-coupon bond B(t, T B ) at any time t ∈ T and it is reasonable to introduce a rolling bond B T B (t) with constant maturity time T B . The price process of this bond under P could be described by the following stochastic differential equation:
We show by the following equation that the zero-coupon bond B(t, T B ) could be replicated by cash and the rolling bond B T B (t):
We introduce a zero-coupon longevity bond {L(t, T L ) | t ∈ T } as our fourth asset in the portfolio to hedge the longevity risk. Definition 2.1. A zero-coupon longevity bond is a contract paying a face amount which equals to the survival probability of the reference population from time 0 until a fixed maturity time T L .
We denote by p(t) the survival probability of the reference population from time 0 to t. To measure the instantaneous survival rate, we denote by {λ(t) | t ∈ T } the force of mortality (i.e. the mortality intensity) and have dp(t) p(t) = −λ(t)dt, p(0) = 1.
For
Luciano and Vigna [13] showed that non-mean-reverting affine processes could describe the evolution of mortality intensity properly. Thus, in this paper, we assume that λ(t) is stochastic and evolves as
where b λ and σ λ are positive constants. The initial value of the mortality intensity λ 0 is calculated according to the Gompertz-Makeham law (see Menoncin [15] ) and is given by
where t 0 , m, φ and b are constants. And a λ (t) is of the following form
Assume that the Feller condition 2a λ (t) > σ 2 λ is satisfied so that, for all t ∈ T , we have λ(t) > 0. For any t ∈ T , we assume the market price of longevity risk to be θ λ λ(t). Thus, the dynamic of λ(t) under P follows
And, by the equivalence between measure P and Q, we have λ(t) > 0 for all t ∈ T under P. Apply the Feynman-Kac theorem with terminal conditions h 0 (T L , T L ) = 0 and h 1 (T L , T L ) = 0, the longevity bond price could be expressed in the following form
where
The evolution of L(t, T L ) under Q is governed by
. Similar with our former argument on the investment in zero-coupon bonds, it is also hard to find all zerocoupon longevity bonds in the market. Therefore, we introduce a rolling longevity bond L T L (t) with a constant maturity T L in this work whose price process under P involves with:
We show by the following equation that the zero-coupon longevity bond L(t, T L ) could be replicated by cash and the rolling longevity bond L T L (t):
For simplicity, we present the market structure in the form of vectors as follows: The vector of state variables is denoted by {z(t) | t ∈ T } = {(r(t), λ(t)) | t ∈ T } and the dynamics of z(t) under P is given by
The vector of risky asset price processes is denoted as
The vector of risk premium is given by
The optimization problem
We consider a DC pension plan where pensioners continuously pay contributions into the fund before retirement time T ∈ T and, to reduce the calculation, the instantaneous contribution is assumed to be constant, i.e. c(t) = c. During the accumulation phase, the pension manager invests α 0 (t), α S (t), α B (t) and α L (t) amounts of money into a bank account, a stock, a rolling bond and a rolling longevity bond, respectively. We denote by τ ∈ T the death time of the representative plan member and {F (t) | t ∈ T } the fund wealth at time t. It is possible that the representative member dies before retirement time (i.e. τ ≤ T ) and, in that case, the 'bequest' of the member should be considered. To specify the 'bequest' and the evolution of F (t), the following assumption is needed.
Assumption 2.1. (i)
The death time of the pensioner τ is stochastic and defined on (Ω, F, {F(t)} t≥0 , P).
(ii) If the death time τ is before the retirement time (i.e. τ ≤ T ), the pensioner's heirs would receive his total pension.
According to Assumption 2.1, the fund level F (t) at time t and the discounted value of future contributions must be sufficient to finance the member's terminal wealth or 'bequest'. Therefore, the following equation must hold
The above constraint can be rewritten as
We refer to Pliska and Ye [17] for the details of the proof. With the constraint (7) satisfied and given the initial condition F (0) = F 0 > 0, the wealth process of the fund could be described as
where α B (t), α L (t) and α S (t) are the investments at time t in the bond, the longevity bond and stock, respectively. Denote by {α(t) | t ∈ T } = {(α B (t), α L (t), α S (t)) | t ∈ T } the investment in risky assets,
Eq.(8) can be written as dF (t) = (F (t)r(t) + c)dt + α(t) Σ (t)dW Q (t).
Under P, the dynamic of the fund level is described by the following SDE
dF (t) = (F (t)r(t) + c + α(t) M (t))dt + α(t) Σ (t)dW (t).
The representative pensioner would use the total fund to purchase a lifetime annuity at retirement time T and requires the pension fund must exceed this annuity price which acts as a minimum guarantee. The minimum guarantee was considered in the works such as Boulier et al. [4] , Deelstra et al. [7] , Han and Hung [10] and Guan and Liang [9] . We extend their works to the case where the death time is uncertain and the force of mortality is stochastic. At retirement time T , the price of a lifetime annuity (or, in other words, the minimum guarantee) whose instantaneous installment is πc is determined by
where π is the replacement ratio. The goal of the pension manager is to maximize the expected utility from the surplus between the fund level and the minimum guarantee at retirement time T . It is straightforward to suppose that the manager does not take into account the case of death before retirement since we assume that the total pension will be given to the heirs as the bequest. The objective function can be described as
To present a specific value function and an optimization problem, the following assumption and definition are given. Assumption 2.2. The preference of the pension manager is described by a CRRA utility function with the relative risk aversion coefficient γ. And, the utility function takes the following form
Definition 2.2. A portfolio strategy α(t) is called an admissible control if the following conditions are satisfied: (i) α(t) is progressively measurable with respect to (Ω, F, {F(t)} t≥0 , P).
(
(iii) Given initial value (z 0 , F 0 ), Eq. (9) has a unique strong solution.
We denote by A all the admissible strategies α(t).
The optimization problem is defined by
s.t. Eq. (6) and Eq. (9). (10) 2.3 The optimal solution
Transform the initial problem
The optimization problem (10) is not a classical optimal investment problem as the wealth process is not self-financing since there are positive contributions continuously brought into the fund. In addition, there is a minimum guarantee to meet. To solve the optimization problem (10), we introduce an auxiliary surplus process and transform the initial non-self-financing constrained problem to a self-financing unconstrained single investment problem. Inspired by Boulier et al. [4] , we first split the fund into two parts: one part is the future contributions to be paid and the other part is a self-financing portfolio. Then, we construct an asset D(t) (t ∈ T ) to replicate the future contributions. The value of D(t) is given by
Theoretically, D(t) can be replicated by cash and the rolling bond and we have
is the amount of money that should be invested into the rolling bond. The other part of the fund is defined as a new process X(t) = F (t) + D(t) and satisfies the following SDE
where α X B (t), α X L (t) and α X S (t) are the investment amounts at time t in rolling bond, rolling longevity bond and stock, respectively. According to Eq.(8), Eq. (11) and Eq. (13), we have
Denote by {α
As we can see, the term cdt in the wealth process (9) is cancelled and the new process X(t) is a self-financing process. Now, we have transformed the initial problem into an equivalent optimization problem:
s.t. Eq. (6) and Eq. (14). (15) Next, we would transform the problem (15) which is constrained by the guarantee to an unconstrained one by constructing an auxiliary process which is the surplus of the terminal wealth over the minimum guarantee. The present value of the minimum guarantee G(T ) at time t ≤ T , is given by
and α G S (t) the investments in bond, longevity bond and stock, respectively, we replicate G(t) and have
Now, construct a portfolio Y (t) = X(t)−G(t) = F (t)+D(t)−G(t) and Y (t) is a self-financing unconstrained process. Combining Eq. (13) and Eq. (16), we obtain the following equation
where Denote by {α
) | t ∈ T } the investment strategy in risky assets, the dynamic of Y (t) under P is given by
Now, our new optimization problem is described as follows 
Optimal portfolio allocation
In this section, we apply the dynamic programming method to solve the equivalent optimization problem. Denote the value function of the equivalent optimization problem (21) by V (t, y, z) and we have
Then the Hamiltonian of the associated control problem (21) is given as follows
where V y , V yy , V z , V zz and V yz are partial derivatives. By solving the first order condition on α Y , we have
The Hamilton-Jacobi-Bellman (HJB) equation is derived after substituting the α Y * into the Hamiltonian function:
Denote by {g(t, z) | t ∈ T } a function of t and z(t), we guess the solution of PDE (23) has the following form
Differentiating V (t, y, z) according to Eq.(24), we have
Substituting the partial derivatives (25) into the HJB equation (23), we have the following PDE
The problem is now to solve the partial differential equation of g(t, z). We guess that g(t, z) is of the following form
where A(t, T ) = (A 1 (t, T ), A 2 (t, T )). Differentiate g(t, z) according to Eq.(27), we have
Now, the PDE (26) has been transformed to the following three ODEs:
with terminal conditions A 0 (T, T ) = 0, A 1 (T, T ) = 0 and A 2 (T, T ) = 0.
Under condition γ > max
, the solution of the ODEs are given by
Substitute (24), (27) and (28) back into the first order condition (22), we obtain the optimal investment strategy for problem (21):
(29)
The optimal investment strategies for the initial optimization problem is then obtained by simple calculations according to Eq.(12), Eq. (17), Eq.(19) and Eq.(29) and are given by
Numerical applications
In this section, we give numerical applications to study the role of longevity risk and longevity bonds in the optimal investment strategies for DC pension funds. We especially focus on the impacts of different parameters of the stochastic mortality rate model on the optimal strategies.
The base scenario
The values of the parameters for the optimization problem (10) are given in Table 1 . We do not use real market data, however we try to use reasonable values and most of these parameters are taken from Menoncin and Regis [16] and Han and Hung [10] . Here, we assume there exists a rolling bond and a rolling longevity bond with constant maturity time T B = 10 and T L = 10, respectively. As the longevity bonds are supposed to be issued base on the mortality index of an older population, we assume the market consists of a rolling longevity bond whose underlying is the survival index of the 40-year-old population. The longevity risk tends to be largely ignored in very early ages, we suppose the pension manager consider to add the longevity bond into the investment portfolio after his plan members reach the age of 40, i.e. the initial age is t 0 = 40. λ 0 is calculated through Eq.(3) by using parameters given in Table 1 . The retirement age is chosen as 65, in other words the retirement time is T = 25. Although the market price of longevity risk is hard to decide as there is actually no longevity bonds traded in the market, we would perform a sensitivity analysis on θ λ . As we are dealing with a utility maximization problem, a sensitivity analysis on the relative risk aversion coefficient would also be given. Table 1 : Values of parameters for optimization problem (10) Figure 1 : Optimal investment strategies with θ λ = −0.10 and γ = 2, 3, 4 and 5
The top left plot in Figure 1 shows the optimal investment proportions in our base scenario where we have θ λ = −0.10 and γ = 2. As we can see, the portfolio is dominated by longevity bonds throughout the investment horizon. Even though the investment in the longevity bond declines over time, the investment proportion is still very high at time T . The intuition behind this strategy is that the longevity bond not only provides an efficient way to hedge against the longevity risk but also offers risk premiums on both interest rate risk and longevity risk. Thus, the investment in longevity bond is higher. While plan members approach retirement age, the share of longevity bonds falls due to the reason that the mortality fluctuations affects less and less the annuity price. In other words, the need for longevity risk hedging becomes lower in later investment period. The optimal proportion invested in the bond is initially about 0.68 and then drops overtime to -0.02 at T . The share of the stock also shows a decreasing trend and stays below 50 percent. In the beginning, the short position in the bank account reveals that the pension manager borrows money from the money market and invests in risky assets to obtain risk premiums. The manager takes more aggressive strategies to quickly increase the fund wealth to a high level in the early stage. However, when approaching retirement time, the manager changes his strategies to more conservative ones and shifts the fund wealth to safer assets. Such behaviour is commonly seen in many investment strategies.
Sensitivity analysis
Now we investigate the impact of the degree of risk aversion of the pension manager and the market price of longevity risk on the optimal portfolio strategies. Although other factors, for example the market price of interest rate risk, may also affect the optimal investment strategy sufficiently, we would not look into those factors as the main focus of this paper is on the longevity risk hedging. Figure 1 shows the optimal portfolio strategies for managers with different coefficients of risk aversion. Compare the four plots in Figure  1 , we find that the higher the coefficient of risk aversion γ, the higher invest in bond and cash. While the investment proportions of the longevity bond and stock decrease with γ. Intuitively, this is because the risk averse investors tend to avoid relatively higher risk and prefer investments with lower but more guaranteed returns with lower risk. Although longevity bonds provide higher risk premiums, managers with higher coefficients of risk aversion would like to invest more in safer assets, e.g. bonds. The different strategies between these cases can also be explained by the optimal solution (30). As we can see, the higher the coefficient of risk aversion the lower the optimal weights invested in the longevity bond and stock. It can also be inferred from the optimal strategies (30) that the weight invested in longevity bond is actually taken from the bond proportionally to
. Thus, the investment in longevity bond decreases while the investment in bond increases. Also, optimal solution (30) shows that the investment in stock declines with γ increases. Overall, the optimal portfolio strategies show similar trends in these four plots. Next, we look into the effect of market price of longevity risk −θ λ λ(t) on the optimal investment strategy. We refer to Menoncin and Regis [16] to choose −θ λ = 0.12 with the corresponding Sharpe ratio -0.07. We also consider the cases where the market price of longevity risk is lower. The four plots in Figure  2 give the optimal strategies with −θ λ = 0.06, 0.08, 0.10 and 0.12, respectively. As same as the base scenario, γ is chosen to be 2. The right bottom plot in Figure 2 shows that when −θ λ = 0.12, the optimal proportions of the fund invested in longevity bond are almost always higher than 1 due to the considerable attractiveness of higher risk premiums offered by the longevity bond. The investment in stock is stable and short positions are taken in riskless asset. After t = 21, the fund is financed by short selling not only cash but also bond. This is because when approaching retirement time, the need to hedge against interest rate risk is insignificant while the need to hedge the uncertain changes in mortality rate is still considerable. This also explains the investment behaviours shown in the top right plot in Figure 2 . During the first 10 years, the investment weights in bond and longevity bond are about the same and both of them decline over time. From then on, the investment proportion in bond drops faster than longevity bond. The top left plot in Figure 2 indicates that even in the case where −θ λ only takes the value 0.06, the optimal proportions invested in longevity bonds are always higher than 0.50. Comparing the optimal strategies, we observe that the higher the market price of longevity risk (i.e. the lower the θ λ ) the more proportion of the fund is invested into the longevity bond. The interpretation is that, with other parameters unchanged, a lower θ λ increases the longevity risk premium offered by the longevity bond but dose not increase the uncertainties in longevity bond value. Thus, with the same risk level, the higher market price of longevity risk makes the longevity bond more attractive. Figure 3 show the reactions of investment strategies to the parameter −θ λ with fixed investment time t = 5, t = 10, t = 15 and t = 20, respectively. It is not a surprise that the optimal proportions invested into stock are not affected by θ λ . The reason can be inferred from solution (30) that the portfolio weight on stock only depends on θ S σ S γ and dose not relate to θ λ . We can see from each of these plots that with an increasing −θ λ the investment in longevity bond increases while the investment in bond decreases. The investment in cash only fluctuates slightly. From solution (30), a higher −θ λ results in more investment in longevity bond while lower investment in bond. Again, the results coincide with our argument that the higher the longevity risk premium, the more is invested into longevity bonds. In addition, although the market price of longevity risk is hard to decide for reasons like there is no longevity bond traded in the market, our results show evidence that longevity-linked derivatives can be used to hedge against the longevity risk and are attractive for pension funds.
Plots in
Conclusion
This paper studies the optimal investment problem for a DC pension plan in a framework where both interest rate risk and longevity risk are considered. The numerical applications reveal that the higher the market price of longevity risk the higher position of the fund is invested into the longevity bond. Also, the investment in longevity bond is relatively high even when the market price of longevity risk is low. Moreover, the higher the coefficient of risk aversion the lower the weights of stock and longevity bond. Our results show an evidence of attractiveness of longevity bond. Mortality-linked securities are in great demand for pension funds, insurance companies and individual investors since they could not only offer an efficient way to hedge the future longevity risk but also provide attractive risk premiums. An interesting topic for further research is the basis longevity risk (i.e. the mortality behaviour of pension members may be imperfectly correlated with the underlying mortality index of the longevity bond).
